
Nowadays, as the world gradually unifies and national

cultures join into a common world culture, interest in

Chinese civilization has greatly increased. It becomes

clear that the Chinese knew a lot about human nature,

as well as about the nature of the universe. Thus I

Ching, one of the most important cultural monuments,

attracts attention to itself as a possible depository of

Chinese hidden knowledge.

Problems.

Studies of the I Ching have a long history. In Chinese

comentary schools, scholars were mostly interested in

philosophical problems related to the organization of the

classic. Since the book of changes first has appeared

in Europe and until recent times, European researchers

generally attempted to explain what I Ching is. That

included thwries from a mathematical point of view,

but, unfortunately, these failed to provide an exhaustive

(or, at least, partial) explanation. It is noticeable that

among the researchers of the I Ching was Leibniz, who

was fascinated by the fact that a binary scale of notation

was developed in the classic for the first time in history

of mankind [Sch92].

The usage of modern information technologies opens up

new opportunities in the sphere of I Ching mathematical

research for the solutions of old problems, aa well as in

the development and solution of new ones.

In this paper, two classes of problems are discussed,

both related to the exploration of I Ching with help of

APL:

1. the comparison of probability of different mantic

schemes;

2. a search for an inner law determining the sequence

of hexagrams.

Statements and solutions of these problems are original

- the author is not familiar with any analogies.

Besides the original rite (Appendix 1) in the divination
practice of I Ching, many other methods of obtaining

fortune-telling results existed. In ancient China there

were also mantic systems based on date and time rep-

resented in the form used in the Chinese moon calendar

(Appendix 2). One of the questions is whether the time-

based method and the methods used in the original rite

coincide in the probability y distribution of their results.

The other important question is concerned with the

principles of the construction of the I Ching. At first

glance the original sequence of hexagrams (as preeented

in the classic) appears to be “inconsequential”, giving

no obvious renson why any hexagram stands in its own

place and not in another. The problem is to find a

mathematical law which completely or partly explains

the position of each hexagram. Two hypotheses were

used as to the form of such a law:

1.

2,

For

mathematical law can be described in analytical

form:

x, = fz(zi-,)

where

i = 1, 2,....64, xi - hexagram corresponding to num-

ber i,

fi - function which transforms hexagram xi-1 into

Xi,

and, if i = 1,2, ....64. j = 1, 2, ....64. fi = fj must

be true for all or some of i, j.

The hexagrams’ order can be described by proba-

bily distribution.

a long time, researchers were not able to answer the

question of what was the law determining the sequence

of the hexagrams. The sequence was thought to have

a deep hidden meaning; it was thought that laws de

scribing the sequence can rule the Universe (attempts

at philosophical explanation in the 1st millennium BC

already engendered a set of treatises, the Ten Wings,

later included in the classic). Finding the inner law of

hexagram order is one of the main I Ching mathematical

problems.

It is important to say that two hypotheses presented

are mutually exclusive. Because positive results were

obtained on the second hypothesis, the results of the

study of the first hypothesis are not presented, although

expressions partially determining the sequence were ob-

tained.

APL solutions.

1 APL-realizations

For studying the I Ching, a set of specialized APL-
functions was created. This set can be divided into three

general groups:

1.

2.

APL-implementations of mantic methods (includ-

ing original rite, time-based fortune-telling and ac-

companying functions);

statistical functions (APL-implementations of sim-

ulation models and tools for their analysis)
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3. utility functions (search for the text to a proper

hexagram, search for the number of a hexagram on

its form etc.)

2 Probability analysis of mantic schemes

As previously mentioned, in I Ching fortune telling

practice two methods are most widely used. These

two methods (denoted later: the original rite and the

time-based rite as methods 1 and 2, respectively) have

different mantic bases, but their results appear in the

same form. It can be supposed that the results of these

schemes have a similar probability distribution. There-

fore one of the important questions is in the comparison

of the probability schemes of method 1 and 2.

The initial hypothesis concerning the result distribution

for methods 1 and 2 was in their coincidence, i.e.

Ho: P;= P;,..., P;=P$

H1:P; +P;,..., P;+P;

where P; is a probability of result j for method i.

For method 1 (original rite) it is possible to find the the-

oretical distribution of fortune-telling results (see Itable

1), while the resulting distribution for method 2 cam be

found only experimentally. In order to get experimental

results, simulation modelling in APL was used.

The modelling algorithm (Appendix 2):

1.

2.

3.

4.

Initial data - date and time (transferred into Chi-

nese time system). This data is generated by ran-

dom uniform distribution of integers.

Mantic procedure is caxried out (as described in

Shao Jung’s algorithm). The result is a hexagram.

The number of occurrences of each of the resulting

hexagrams of a current iteration is added to vari-

ables containing the quantity of occurrences of cor-

responding results during the previous iteraticms.

Steps 1-3 are repeated until the number of itera-

tions reaches N, which is a predefine number of

repetitions.

This simulation model is implemented in APL by the

CHCKFR1 function (Appendix 3).

The results obtained from the research are presented

Table 1 (the number of iterations N=12000, confidence

probability 0.99):

P>’t
, ,

I .0723 I .4138 ] .4437 I .1063

Table 1: Comparison of theoretical distribution for

method 1 and estimation of distribution for method 2.

In the presented table:

P: - method 1 theoretical probability

P? - method 2 experimental probability

Pj’t - top limit of confidence interval of method 2 prob-

ability

P:’b - bottom limit of confidence interval of method 2

probability

As can be seen from the table, the values of probability

of yin lines (6 and 8) in method 1 lie in confidence inter-

vals of the corresponding results in method 2. However,

yang lines (7 and 9) probabilities in method 1 depart

significantly from the confidence intervals in method 2.

So, hypothesis HO was partly proved.

It is possible that Shao Jung’s methods require the ad-

ditional correction corresponding to the probability dis-

tribution of the original rite (some facts about the cor-

rection of mantic schemes are already known). But it

can be said that despite the lack of proper mathemat-

ical tools Shao Jung waa relatively able to realize the

original distribution in his time-based method.

3 The search for a probability law determining the se-

quence of hexagrams

Table 2 defines the sequence order of hexagrama (yin

lines are represented by zeros, yang lines are represented

by ones)

By “ravening” this table one gets a sequence of hexa-

grams sorted by range (Table 3):

Hypothesis: a direct relationship exists between this

hexagram order and the hexagrams’ probability distri-

bution in fortune-telling, i.e.:

In order to check this hypothesis simulation modelling

Was used .
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bottom

trigram

top

trigram

000

001

010

011

100

101

110

111

000 001 010 011 100 101 110 111

2 24 7 19 15 36

16 51 40 54 62 55

8 3 29 60 39 63

45 17 47 58 31 49

23 27 4 41 52 22

35 21 64 38 56 30

20 42 39 61 53 37

12 25 6 10 33 13

46

32

46

28

18

50

57

44

Table 2: The table of hexagrams.

number of hexagram 2 24 7 . ..44

11

34

5

43

26

14

9

1

1

binary representation 000000000001000010 ...111110 111111

numerical meaning O 1 2 . . .62 63

Table 3: Hexagram sequence sorted by range of hexa-

grams’ numerical meaning.

Simulation model:

1.

2.

3.

4.

The mantic procedure is carried out as described

in the original rite (Appendix 1). The result is a

hexagram.

One is added to the variab[e containing the quan-

tity of occurrences of a corresponding hexagram

during previous iterations.

If in the mantic result there appear old lines, a sec-

ondary hexagram is formed. One is added to the

variable containing the quantity of occurrences of

a corresponding hexagram during previous itera-

tions.

Steps 1-3 are repeated until the number of repeti-

tions reaches N, which is a given number of itera-

tions.

It was also supposed that one of the laws used for build-

ing a hexagram sequence is already known: if a hexa-

gram has an inversion, this inversion follows the hexa-

gram. Therefore, all hexagram inversions are excluded

from the tables presented.

The APL-function CHCKFR2 (Appendix 3) imple-

ments the described model. As a result of simulation

modelling, the following data (Table 4) for 2 series of

+
2

3

4

5

6

7

8

28

29

30

31

32

33

34

35

36—

+’

-3-
7

1!3

15

11

51

62

55

. . .

. . .

“61
53

37

57

9

25

33

13

1

r;

2

15

7

23

62

45

39

51

. . .

. . .

“28

33

43

25

49

57

13

9

1

iv;
344

237

220

206

197

172

170

169

. . .

. . .

111

102

101

101

97

92

92

89

83

rf

-T
7

23

15

51

19

2!2

35

. . .

. . .

. . .

30

41

9

5

59

61

13

43

1

N?

33%
272

251

216

202

195

181

179

. . .

. . .

. . .

107

100

97

95

94

85

78

74

70

Table 4: Hexagrams probability distribution in simula-

tion modelling.

computer experiments was obtained (each series had

N=5000 realizations):

In the presented table:

r: - original hexagrams order.

<- hexagram number in a graded down frequency se-

quence in experiment series j (analogy to rank).

N; - quantity of i hexagram realizations in experiment

series j

As is seen from the table, stable direct coincidence of

the positions of hexagrams 1 and 2 in all three hexagram

sequences is noticeable. Joining hexagrams into groups,

variations inside these groups from series to series are

also noticeable.

Such results make it evident that probabilities in groups

are very close or even equal; thus only by chance can
there be hexagram transpositions inside the groups.

For proof of the existence of groups in which results are

statistically indistinguishable, the confidence intervals

for the probabilities of occurrences of results (on sum-

marized data of two series of experiments) were calcu-

lated (total number of realizations N=1OOOO, confidence

probability 0.99) (Table 5):
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F
-i-

2

3

4

5

6

7

8

28

29

30

31

32

33

34

35

36.

r!

2

7

19

15

11

51

62

55

. . .

. . .

“61

53

37

57

9

25

33

13

1

r;

T

7

23

15

51

19

29

35

. . .

. . .

‘ii

5

25

33

61

9

43

13

1

P;

.0374

.0271

.0251

.0249

.0204

.0198

.0189

.0189

. . .

. . .

.0121

.0117

.0116

.0114

.0110

.0102

.0096

.0093

.0084

T
Pi

.0338

.0234

.0221

.0219

.0177

.0170

.0162

.0162

. . .

. . .

.0100

.0097

.0095

.0094

.0090

.0083

.0077

.0075

.0066

y

.0;11

.0301

.0281

.0279

.0231

.0224

.0214

.0214

. . .

. . .

.0142

.0138

.0136

.0135

.0129

.0121

.0114

.0111

.0101

—.
P)—.

.0276

.0226

.0226

.0226

.0185

.0185

.0185

.0185

. . .

. . .

.Oiii

.0124

.0124

.0124

.0124

.0101

.0101

.0101

.0083 —

Table 5: Hexagram probab ity distribution and confi-

dence intervals.

In the presented table:

r: - original hexagrams order

r: - hexagram number in a descending frequency se-

quence in experiment

P; - hexagram i probability in experiment

Pj}t - top limit of confidence interval for i probability

P~’b - bottom limit of confidence interval for i probabil-

ity

P: - theoretical probability

As follows from Table 5, most confidence intervals have

common parts with some other confidence intervals.

This fact gives evidence that hexagram groups exist in

which the probability of their members’ occurrence is

statistically indistinguishable.

The purpose in presenting the results of simulation mod-

elling was to show how the research into the problem was

carried out. The idea to calculate theoretical dist ribu-

tions appeared only after the series of experiments was

analysed, and APL proved to be an excellent instrument

to implement such ideas. The advantage of APL among

other programming languages is that it is truly a tool

of thought.

For the final analysis we attempted to calculate the

theoretical probability of hexagram realizations. The

analytical computation has confirmed the suppositions

made before. The results are presented below (table 6).

Inversions of hexagrama were excluded from the list, ac-

cordingly to the rule described earlier.
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~

.0276

.0226

.0226

.0226

.0185

.0185

.0185

.0185

.0185

.0185

.0185

.0185

.0185

.0151

.0151

.0151

.0151

.0151

.0151

.0151

.0151

.0151

.0151

.0124

.0124

.0124

.0124

.0124

.0124

.0124

.0124

.0124

.0101

.0101

.0101

.0083

Table 6: Coincidence of the original hexagrams sequence

and the sequence sorted in de~cending o~der by z&lyt-

ical probability distribution.
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In the presented table: Acknowledgements.

v! - original hexagrams order

r; - hexagram number in the sequence sorted down by

analytical probability distribution (second list]

The author thanks his father, Oleg Luksha, for valuable

help in the statistical research, as well as for the precise

and helpful criticism. The author also thanks Janet

Bolin, John Sansom and Alain Delmotte for help in the

preparation of the text of the paper.

P1- theoretical probability
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Appendix 1: Original fortune telling rite. Appendix 2: Time-based divkation method

Fifty rnilfoil stems are taken for the fortune telling. ~One

is put away and is no longer used. The stems left are

divided into two wisps. The left wisp is put away. One

stem is taken from the right wisp and is placed between

the little finger and the ring-finger of the left hand.

Then it is counted off by four stems from the right wisp;

the remainder (1, 2, 3, 4 stems) is placed between the

ring-finger and the middle finger. Then it is counted off

by four stems from the left wisp; the remainder is placed

between the middle finger and the forefinger. Finally,

there must be either 5 or 9 stems placed between all

fingers. They are put away, then the stems left are put

together and the described action, also called “change”,

is repeated. After the three such “changes” there must

be 24, 28, 32 or 36 stems left, which if divided by four

give, correspondingly, 6,7, 8 or 9. These numbers mean:

6- old yin, -x-, 7- young yang, —, 8- young yin,

--, 9- old yang, -o-. After the six iterations or
18 changes a hexagram of six lines, old and young, is

gotten. If a hexagram consists only of young lines, only

that hexagram is examined and interpreted. If there are

any old lines among hexagram lines, these old linen are

transformed into their opposites (yin into yang, yang

into yin) and a secondary hexagram, demonstrating the

possible development of the situahion, is examined and

interpreted.

original 1st 2nd

*——
-n- * — --

*——
-- * ----
A- * --—

*——

Figure 2: Examination of the hexagram with old and

young lines.

(Shao Jung’s).

For the realization of this method, it is necessary to

know the number of the year divination in the Chinese

twelve year cycle, the month and the day of the divina-

tion in the Chinese moon calendar, and also the number

of’ the hour of divination in the twelve-part hour cycle -

that gives four numbers. The remainder of the division

of the sum of the first three numbers by 8 is the number

of the top trigram in the Fu-Hsi trigram sequence (table

7). The remainder of the division of the sum of all four

numbers by 8 is the number of the bottom trigram. The

remainder of the division of the sum of all four numbers

by 6 is the number of the line to become old.

--— -.— --—- .
—— ---- —— ----
——— —--- ---- -

1234567 8

Table 7: Pa kua, Fu-Hsi’s trigram sequence
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Appendix 3: APL functions.

Mantic methods

v Z+FC)RII ; A

[11 A+?6 3p4
[21 A[; 11 Fl+A~; 13+(4-A[ ; 11 )+4xO=4-A[; II

[31 A*A+(A=2)+(2xA= I)+(3xA=4)+(4xA=3)

[41 A[;2 3]*1+A[;2 31

[s3 z*(49-+/A)+4

v

Implementation of the original rite.

Returns a 6 element vector (a hexagram).

v z+JlfAHT;i

[11 z+Rm6

[2] i+9xZ20.1875

[3] i*i+(8~(~0.187!5 )U20.625)

[41 i+i+(7x(D0.625)AZ20.937S)

[s1 Z+i+6x>0.9375
v

Returns a6 element vector (a hexagram) accordlngto

original rite probability distribution.

Subfunction RND.

v z+~fl ~~

[11 z4-Glf[8 JYoD+/lvR[%3]; I

[21 z+ Glfc8 mD+/ivR; l,z

[3~ Z[6 NLW/NR]*6+3X7=ZL6 lftW/ifRl

Implementation of Shao Yun’s algorithm.

Returns a 6 element vector (a hexagram) according to

date and time NR.

Subfunction MOD.

Subvariable GM.

Statistical functions

v z+~ c?HCKFRI ~zs ; ~

[11 ze4po

[2] Z+Z+(+/f3=H) , {+/7=lf) , (+/8=N) , +/9=H+dlUS

[31 +( O<KUM-WU.E-I ) /2

v

Unitation model 1.

Returns a 4 element vector showing how many 6, 7, 8
and 9 appeared in results during NUM repetitions of

FNS function.

v Z+NUM CHCKFR2 FifS; IiX; IIX2

[11 Z+wpo

[21 ZILI +I+zu+nr 2 I RX+dnvsl
[3] iW2+TRATU ffX0+(A~X2=2 I IiX) /4

[41 ZCLI +l+z[m-n ml

v

Imitation model 2.

Returns a 64 element vector showing how many times

corresponding hexagmims appeared in results during

NUM repetitions of FNS function. Subfunctions IN,

TRATO.

Subvariable R.

v Z+GIV I~I&f VAR ; TBA

[1] TBA*TBZ’ALK.E VAR

[21 Z+(GIV<TBA[;21 )AGItOTBAC; II

v

Returns a vector of Boolean variables showing which

items of vector GIV are in confidence interval of vector

VAR.

Subfunction TBTABLE,

v z+~ ~ Jtf;~

[1] Z+P+-I ix2 . S76X((+U) XpX l-PtK+lF)*O .S

v

Returns a confidence interval of probabilistic distribu-

tion of a result appeared M times in N realizations.

v z(-~1’~~ vd~;n; r

[11 H++/ VAROI*pVAROZ+(I, 2)p O

[21 1P: ZII; I+E TB VAiWIO+(OS1+El)/lp
v

Returns a table of confidence intervals for VAR vector.

Subfunction TB.

Applied functions

v Z+HEX B

[1] Z+, R[B;]

v

Returns a hexagram B binary representation.

Subvariable R.
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V RES+-HEXI K;L; M

[11 L+BBX KORES+‘ ‘O* I

[21 zp:ms*(((L[a=l) /’---’),
(LIJfl=o)/’ - -’),CIAV[141, RES

[31 +(7MfHff+l)/lp

v

Returns a pictograph form of a hexagram K,

Subfunction HEX.

v ztrJf B

[11 Z+(W) /V+(t64)X(A/(646pJ3) =R)
v

Returns the number of binary represented hexagriam B
in the list of hexagrams.

Subvariable R.

V IZIN TE

[11 ‘Original:’ ,0AV[141

[21 HEX1 Em 2 I m

[3] lMV[141,’ Transforsmci:’ ,IIAV[141

[41 ~~xl tt-rw TRATO T’S
v

Returns primary and secondary (transformed) lhexa-

gram in pictograph form.

Subfunctions IN, TRATO, IIEX1

v Z+A MOD B

[1] Z+(AXO=AIB)+41B
v

Returns A mod B. If B is divisible by A, returns A.

V Z+ TRATD B

[11 Z*2 1Z+(Z=9)+Z=6

v

Returns transformed (secondary) hexagram for mantic

result B.

Important variables

R
111111
000000
100010

010001

111010

010111

,.,
. . .
. . .

110011

001100

101010

010101

Hexagram sequence in binary representation,

GM
777

778

787

788

877

878

887
888

Fu-Hsi trigram sequence.
v z+~ x

[11 Z*(?Xp L/to )+UtO
v

TXTl TX12 TXT3 . . . TX’lV34

Returns an X elements vector of random numbers be-
tween O and 1.

v z+~xl’ B

[1] s ‘ TXT’ ,rB

v

Returns the text corresponding to a hexagram B.

Subvariables TXT1, TXT2, TXT3, ... TXT64.

texts for hexagrams 1, 2, 3, ,..64 correspondingly.

APL Quote Quad Luksha


