


3. utility functions (search for the text to a proper
hexagram, search for the number of a hexagram on
its form etc.)

2 Probability analysis of mantic schemes

As previously mentioned, in I Ching fortune telling
practice two methods are most widely used. These
two methods (denoted later: the original rite and the
time-based rite as methods 1 and 2, respectively) have
different mantic bases, but their results appear in the
same form. It can be supposed that the results of these
schemes have a similar probability distribution. There-
fore one of the important questions is in the comparison
of the probability schemes of method 1 and 2.

The initial hypothesis concerning the result distribution
for methods 1 and 2 was in their coincidence, i.e.

Ho:Pi=P2,...,P; = P?

Hy:Pg#P§,...,P # P§
where P; is a probability of result j for method 1.

For method 1 (original rite) it is possible to find the the-
oretical distribution of fortune-telling results (see table
1), while the resulting distribution for method 2 can be
found only experimentally. In order to get experimental
results, simulation modelling in APL was used.

The modelling algorithm (Appendix 2):

1. Initial data - date and time (transferred into Chi-
nese time system). This data is generated by ran-
dom uniform distribution of integers.

2. Mantic procedure is carried out (as described in
Shao Jung’s algorithm). The result is a hexagram.

The number of occurrences of each of the resulting
hexagrams of a current iteration is added to vari-
ables containing the quantity of occurrences of cor-
responding results during the previous iterations.

Steps 1-3 are repeated until the number of itera-
tions reaches N, which is a predefined number of
repetitions.

This simulation model is implemented in APL by the
CHCKFRI function (Appendix 3).

The results obtained from the research are presented

Table 1 (the number of iterations N=12000, confidence
probability 0.99):
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X 6 7 8 9
PT | .0625 | 3125 | 4375 | .1875
PZ | .0664 | 4023 | .4321 | .0992
P>* | .0606 | .3907 | 4204 | .0922
P7* | 0723 | 4138 | 4437 | .1063

Table 1: Comparison of theoretical distribution for
method 1 and estimation of distribution for method 2.

In the presented table:
P! - method 1 theoretical probability
P? - method 2 experimental probability

Piz’t - top limit of confidence interval of method 2 prob-
ability

P?® - bottom limit of confidence interval of method 2

probability

As can be seen from the table, the values of probability
of yin lines (6 and 8) in method 1 lie in confidence inter-
vals of the corresponding results in method 2. However,
yang lines (7 and 9) probabilities in method 1 depart
significantly from the confidence intervals in method 2.
So, hypothesis Hy was partly proved.

It is possible that Shao Jung’s methods require the ad-
ditional correction corresponding to the probability dis-
tribution of the original rite (some facts about the cor-
rection of mantic schemes are already known). But it
can be said that despite the lack of proper mathemat-
ical tools Shao Jung was relatively able to realize the
original distribution in his time-based method.

3 The search for a probability law determining the se-
quence of hexagrams

Table 2 defines the sequence order of hexagrams (yin
lines are represented by zeros, yang lines are represented
by ones)

By ”ravelling” this table one gets a sequence of hexa-
grams sorted by range (Table 3):

Hypothesis: a direct relationship exists between this
hexagram order and the hexagrams’ probability distri-
bution in fortune-telling, i.e.:

Hoy:Po>PA>P;>...2 P

In order to check this hypothesis simulation modelling
was used.

Luksha



bottom | 000 0601 010 011 100 101 110 111
trigram

top

trigram

000 2 24 7 19 15 36 46 11
001 16 51 40 bH4 62 55 32 34
010 8 3 29 60 39 63 46 5
011 45 17 47 58 31 49 28 43
100 23 27 4 41 52 22 18 26
101 3 21 64 38 56 30 50 14
110 20 42 39 61 53 37 57 9
111 12 25 6 10 33 13 4 1

Table 2: The table of hexagrams.
number of hexagram 2 24 7 .44 1

binary representation 000000 000001 0006010 .
numerical meaning 0 1 2 ...62

Table 3: Hexagram sequence sorted by range of hexa-
grams’ numerical meaning,.

Simulation model:

1. The mantic procedure is carried out as described
in the original rite (Appendix 1). The result is a
hexagram.

2. One is added to the variable containing the quan-
tity of occurrences of a corresponding hexagram
during previous iterations.

If in the mantic result there appear old lines, a sec-
ondary hexagram is formed. One is added to the
variable containing the quantity of occurrences of
a corresponding hexagram during previous itera-
tions.

Steps 1-3 are repeated until the number of repeti-
tions reaches N, which is a given number of itera-
tions.

It was also supposed that one of the laws used for build-
ing a hexagram sequence is already known: if a hexa-
gram has an inversion, this inversion follows the hexa-
gram. Therefore, all hexagram inversions are excluded
from the tables presented.

The APL-function CHCKFR2 (Appendix 3) imple-
ments the described model. As a result of simulation
modelling, the following data (Table 4) for 2 series of
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il 2] eI NIT 71 N?
1 2 21344 2| 337
2 71 15 237 71272
31 19 71220 23| 251
41 151 23 1206 15| 216
51 11 ) 621971 51 § 202
6] 61§ 451172 | 19| 195
71 621 391170 291 181
8) b5 ] 511169 ] 35| 179
28 | 61} 28 (111§ 301 107
20 b3 1 33 1102 41 | 100
30 371 43 | 101 9 97
311 57 { 25| 101 15} 95
32 9 49 97 { 59 94
331 25} b7 92 | 61 85
34} 33 13 92 | 13 78
35| 13 9 89 | 43 74
36 1 1 83 1 70

Table 4: Hexagrams probability distribution in simula-
tion modelling.

computer experiments was obtained (each series had
N=5000 realizations):

In the presented table:

r - original hexagrams order.
] - hexagram number in a graded down frequency se-

quence in experiment series j (analogy to rank).

N/ - quantity of i hexagram realizations in experiment
series j

As is seen from the table, stable direct coincidence of
the positions of hexagrams 1 and 2 in all three hexagram
sequences is noticeable. Joining hexagrams into groups,
variations inside these groups from series to series are
also noticeable.

Such resuits make it evident that probabilities in groups
are very close or even equal; thus only by chance can
there be hexagram transpositions inside the groups.

For proof of the existence of groups in which results are
statistically indistinguishable, the confidence intervals
for the probabilities of occurrences of results (on sum-
marized data of two series of experiments) were calcu-
lated (total number of realizations N=10000, confidence
probability 0.99)(Table 5): '
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N|r|n| PP P] P
1 2 2| .0374 | .0338 | .0411 | .0276
2 7 71 .0271 | .0234 | .0301 | .0226
31 19| 23] .0251 | .0221 | .0281 | .0226
41 15| 15 .0249 | .0219 | .0279 | .0226
5{ 11| 51 ] .0204 { .0177 | .0231 | .0185
6( 51 19| .0198 | .0170 | .0224 | .0185
7 621 29| .0189 | .0162 | .0214 | .0185
8| 56| 35| .0189 | .0162 | .0214 | .0185

28 | 61| 281 .0121 | .0100 | .0142 | .0124

29 | 53 51 .0117 | .0097 | .0138 | .0124

30 37 25| .0116 | .0095 | .0136 | .0124

311 571 33| .0114 [ .0094 | .0135 | .0124

32 9| 61| .0110 | .0090 | .0129 | .0124

33| 25 9| .0102 | .0083 | .0121 | .0101

34| 33| 43 | .0096 | .0077 | .0114 | .0101

35| 13| 13 | .0093 ; .0075 | .0111 | .0101

36 1 1| .0084 | .0066 | .0101 | .0083

Table 5: Hexagram probability distribution and confi-
dence intervals.

In the presented table:

r? - original hexagrams order
r; - hexagram number in a descending frequency se-

quence in experiment
P} - hexagram i probability in experiment
P,-”t - top limit of confidence interval for i probability

P - bottom limit of confidence interval for i probabil-
ity
P} - theoretical probability

As follows from Table 5, most confidence intervals have
common parts with some other confidence intervals.
This fact gives evidence that hexagram groups exist in
which the probability of their members’ occurrence is
statistically indistinguishable.

The purpose in presenting the results of simulation mod-
elling was to show how the research into the problem was
carried out. The idea to calculate theoretical distribu-
tions appeared only after the series of experiments was
analysed, and APL proved to be an excellent instrument
to implement such ideas. The advantage of APL among
other programming languages is that it is truly a tool
of thought.
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For the final analysis we attempted to calculate the
theoretical probability of hexagram realizations. The
analytical computation has confirmed the suppositions
made before. The results are presented below (table 6).
Inversions of hexagrams were excluded from the list, ac-
cordingly to the rule described earlier.

i lr | C P!
2 |2 | * |.0276
T T 1 *].0226
19123 |k {.0226
15|15 | * | .0226
11 {19 |n | .0185
51 | 511 * | .0185
62 62| * |.0185
55145 | n | .0185
3 |3 |* |.018
20129 | * | .0185
39139 * | .0185
63|27 | n | .0185
5 | 35| n | .0185
451 11 | n | .0151
17|17 | * | .0151
47 1 47 | * | .0151
31131 |* | .0151
49 | 63 [ n | .0151
29 1 55 {n | .0151
43121 | n | .0151
23159 | n | .0151
27 1 53 | n | .0151
41 | 41 { * | .0151
3|5 |k | .0124
21149 | n | .0124
30130 1{* |.0124
59 | 28 {n | .0124
61 61| * |.0124
653 (33 | n | .0124
371371 * |.014
57 | 57| * | .0124
9 |25 |n | .0124
26 | 43 | k | .0101
33|19 {n |.0101
13113 * | .0101
1 |1 | * |.0083

Table 6: Coincidence of the original hexagrams sequence
and the sequence sorted in descending order by analyt-
ical probability distribution.
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In the presented table:

) - original hexagrams order

r! - hexagram number in the sequence sorted down by
analytical probability distribution (second list)

P1- theoretical probability

C - visual criterion, which informs that for a given
hexagram in the second list its location in original
list is:

* - in the same group
n - in the nearest group
k - in the group next to the nearest

The criterion C allows us to appraise roughly the high
similarity between the first and the second list. Eighteen
of 36 hexagrams have the same location in the original
list as in the second sequence, 15 are located in the
nearest group, and only 3 are located in the group next
to the nearest.

Therefore, it is quite possible that the sequence of the
I Ching hexagrams is defined not by the analytical ex-
pression, but by the probability distribution. The words
of the greatest Russian I Ching researcher Yu. Schutsky
that “the book of changes has appeared primarily as a
set of texts around the most ancient mantic practice”
[Sch92] have found their mathematical confirmation.

Wen Wang, regarded as the author of the hexagrams’
order, could use the data of stored divination results to
obtain the existing sequence. However, as follows from
the hypothesis, this order is not unique and could be
different if other divination results data were used.

Results

APL was proven to be a good means in studying I
Ching, especially in the problems of defining its inner
logical structure and the search for probability laws con-
nected with the results of fortune-telling.

A satisfactory explanation of the hexagram order has
been found, based on voluminous statistical data ob-
tained by the use of computer simulation modelling,. Tt
was probably not found earlier because of the absence
of a proper tool like APL.

It was once again successfully proven that the usage
of APL in humanity sciences (in case of this paper -
Chinese studies) allows us to solve long-unsolved math-
ematically related problems and to stimulate the state-
ment of new problems not examined before.
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Appendix 1: Original fortune telling rite.

Fifty milfoil stems are taken for the fortune telling. One
is put away and is no longer used. The stems left are
divided into two wisps. The left wisp is put away. One
stem is taken from the right wisp and is placed between
the little finger and the ring-finger of the left hand.
Then it is counted off by four stems from the right wisp;
the remainder (1, 2, 3, 4 stems) is placed between the
ring-finger and the middle finger. Then it is counted off
by four stems from the left wisp; the remainder is placed
between the middle finger and the forefinger. Finally,
there must be either 5 or 9 stems placed between all
fingers. They are put away, then the stems left are put
together and the described action, also called ” change”,
is repeated. After the three such ”changes” there must
be 24, 28, 32 or 36 stems left, which if divided by four
give, correspondingly, 6, 7, 8 or 9. These numbers mean:
6 - old yin, =Xx=, 7 - young yang, ==, 8 - young yin,
- 9 - old yang, =i~ After the six iterations or
18 changes a hexagram of six lines, old and young, is
gotten. If a hexagram consists only of young lines, only
that hexagram is examined and interpreted. If there are
any old lines among hexagram lines, these old lines are
transformed into their opposites (yin into yang, yang
into yin) and a secondary hexagram, demonstrating the
possible development of the situation, is examined and
interpreted.

original I1st 2nd

P

X

444444

Figure 2: Examination of the hexagram with old and
young lines.
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Appendix 2: Time-based divination method
(Shao Jung’s).

For the realization of this method, it is necessary to
know the number of the year divination in the Chinese
twelve year cycle, the month and the day of the divina-
tion in the Chinese moon calendar, and also the number
of the hour of divination in the twelve-part hour cycle -
that gives four numbers. The remainder of the division
of the sum of the first three numbers by 8 is the number
of the top trigram in the Fu-Hsi trigram sequence (table
7). The remainder of the division of the sum of all four
numbers by 8 is the number of the bottom trigram. The
remainder of the division of the sum of all four numbers
by 6 is the number of the line to become old.

Table 7: Pa kua, Fu-Hsi’s trigram sequence
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Appendix 3: APL functions.

Mantic methods

v Z+FORT1;A
[1] A+76 3p4
[2] A[;1)«1+A0;13+(4-A0;1] ) +4x0=4-4[; 1]
[3] A«A+(4=2)+(2xA=1)+(3xA=4)+(4xA=3)
[4] al;2 3]«1+4A[;2 3]
{61 Zv(49-+/4)+4

v

Implementation of the original rite.
Returns a 6 element vector (a hexagram).

V Z<MANT;i
[1] 2-RED 6
[2] i+9x220.1875
[3] ici+(8x(2>0.1875)A2>0.625)
[4] i«i+(7x(2>0.626)AZ20.9375)
[8] Z+i+6x2>0.9375

v

Returns a 6 element vector (a hexagram) according to
original rite probability distribution.
Subfunction RND.

V ZeMOO¥ NR

[1] z-GM[8 MOD+/ER[+3];]

[2] z-cM[8 MOD+/HR;]),Z

[3] z{e MOD+/NR]<6+3x7=2[6 MOD+/¥NR]
v

Implementation of Shao Yun’s algorithm.

Returns a 6 element vector (a hexagram) according to
date and time NR.

Subfunction MOD.

Subvariable GM.

Statistical functions

¥ Z+~NUM CHCKFR1 FNS; N
[1] Z+4p0
{21 ZeZ+(+/6=M) ,(+/T=N),(+/8=N) ,+/9=M-2 F¥S
[3] ~+(O<NUM-FUN-1)/2

v

Imitation model 1.

Returns a 4 element vector showing how many 6, 7, 8
and 9 appeared in results during NUM repetitions of
FNS function.

I Ching

V Z+NUM CHCKFR2 FNS;HX;HX2
[1] Z-64p0
[2] 2{L1«142[L+IN 2| HX-2FES]
(3] HX2+TRATO EXO-(AHX2=2|HX)/4
[4] Z[Ll~1+2[1-IN HX2]

v

Imitation model 2.

Returns a 64 element vector showing how many times
corresponding hexagrams appeared in results during
NUM repetitions of FNS function. Subfunctions IN,
TRATO.

Subvariable R.

V Z-GIV INIF VAR;TBA
[1] TBA~TBTABLE VAR
[2] z-(GIV<TBAL;21)AGIV>TBA[;1]
v

Returns a vector of Boolean variables showing which
items of vector GIV are in confidence interval of vector
VAR.

Subfunction TBTABLE.

V Z-¥ TB M;P
[1] ZeP+~1 1x2 . 876x{(+¥)xPx1-P-N:N)*0.5
v

Returns a confidence interval of probabilistic distribu-
tion of a result appeared M times in N realizations.

V Z+TBTABLE VAR;N;I

{11 F~+/VAROI-pVAROZ-(I,2)p O

[2] 1p:Z[I;]1«¥ TB VAR[IJO+(0<I+I-1)/1p
v

Returns a table of confidence intervals for VAR vector.
Subfunction TB.

Applied functions

V Z-HEX B
[1] Z+,R[B;]
v

Returns a hexagram B binary representation.
Subvariable R.
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V RES-HEX1 K;L; M
[1] L«HEX KORES+''OM-1
[2] 1p:RES-(((L[M=1)/'___"),
(r[M3=0)/'_ _'),04v[14],RES
(31 -+(7>M-Mt1)/1p
v

Returns a pictograph form of a hexagram K.
Subfunction HEX.

V Z-IN B
{11 Z~(v#)/V-(164)x(A/(64 6pB)=R)
v

Returns the number of binary represented hexagram B
in the list of hexagrams.
Subvariable R.

vV IZIN TE
[1] ‘'Original:’,04v{14]
[2] HEX1 O-IN 2|TE
{31 DAvV[14],’ Transformed:* ,[14V[14]
[4] HEX1 O-IF TRATO TE
v

Returns primary and secondary (transformed) hexa-
gram in pictograph form.
Subfunctions IN, TRATO, HEX1

V Z«A MOD B
{1] 2+(Ax0=4|B)+A|B
v

Returns A mod B. If B is divisible by A, returns A.

V Z-RND X
[1] Z-(7XpL/20}+L/20
v

Returns an X elements vector of random numbers be-
tween 0 and 1.

V Z-TEXT B
[1] «'TXT*,vB
v

Returns the text corresponding to a hexagram B.
Subvariables TXT1, TXT2, TXT3, ... TXT64.
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V¥ Z+TRATO B
[1] 2-212+(Z=9)+2Z=6
v

Returns transformed (secondary) hexagram for mantic
result B.

Important variables

QO O K O iy
o OO
O OO O
= OO0 00K

= O MO M
= O = O O M

O Or
_OoOomR .
O i O

- OO :

O O
- O O =

Hexagram sequence in binary representation.

[2]
=

W OO0~
W o~~~ 0 o~
W~~~y

Fu-Hsi trigram sequence.

TXT1 TXT2 TXT3 ... TXT64

texts for hexagrams 1, 2, 3, ...64 correspondingly.
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